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Abstract

This paper investigates some relations among four com-
plexities of sequence over countably infinite alphabet,
and shows that two kinds of empirical entropies and the
self-entropy regarding a finite state source are asymp-
totically equal and lower bounded by the muximun
number of phrases in distinct parsing of the sequence.
Some connections with source coding theorems are also
investigated. Further, we consider the empirical en-
tropies with fidelity criterion.

1. INTRODUCTION

In information theory, various properties of se-
quences over finite alphabet have been investigated.
These researches of sequences are not only of theo-
retic interest, but also have many applications such as
universal source coding, hypothesis testing, and pre-
diction (see, e.g., [1], [2] and subsequent papers). Es-
pecially, following four complexities of sequences play
important roles in variable-rate universal source coding
problem: (i) the overlapping empirical entropy H, (t)
of z7 gives asymptotically the optimal compression
rate attainable by finite-state information-lossless (IL)
encoders, (ii) the non-overlapping empirical entropy
Hy(x%) of z7 gives a lower bound of the compres-
sion rate attainable by k-block encoders, (iii) the self-
entropy —(1/n)log pu(z?}) of 7} regarding a finite state
source characterized by the measure u is the codeword
length of z7 associated with the Shannon code which
minimizes the average codeword length, and (iv) the
muximun number ¢(z}) of phrases in arbitrary distinct
parsing of z7 appears in a lower bound of the compres-
sion rate attainable by IL encoders.

On the other hand, only little is known about se-
quences over countably infinite alphabet. In this paper,
we dealt with sequences over countably infinite alpha-
bet and investigate the relations among the aforemen-
tioned four quantities. Our main result shows that

two kinds of empirical entropies and the infinum of
the self-entropy over finite state sources are asymp-
totically equal, and are asymptotically lower bounded
by (logn/n)c(z}), provided that given sequence z is
finitely encodable. Some connections with source cod-
ing theorems are also investigated. In addition to main
results, we consider the empirical entropies with fi-
delity criterion. Although it is known that the non-
overlapping empirical entropy with fidelity criterion
plays an important role in the lossy coding of indi-
vidual sequences [3], the overlapping empirical entropy
with fidelity criterion has not been investigated so far.
We show that two kinds of empirical entropies with
fidelity criterion are asymptotically equal.

2. Main Results

Let X be a countably infinite alphabet and X' be a
set of infinite sequences over X. Let x]* denote the sub-
sequence TpTn41--- Ty Of a sequence x = zixy--- €
X°°. In this paper, we consider the following four quan-
tities H (), H(x), hys(z) and C(x) of .

Definition 1 (Overlapping empirical entropy)
The overlapping empirical distribution py(-|z7) of x is
defined as

N |{i:0§i§n—k,mﬁi’f:a’f}|
- ?

pr(at|a?)

n—k+1
for each a¥ € X*, where | - | denotes the cardinality of
the set. Let
} ny & 1 k|,.n k|,.n
Hy(at) = % Z pr(ai|zy) log pr(ay|27),
akexk
and

Hy(z) 2 lim sup Hy, («7).

Then, the overlapping empirical entropy I;T(a:) of ¢ €
X is defined as H(x) 2 infj, Hy(z).
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Definition 2 (Non-overlapping empirical entropy)
The non-overlapping empirical distribution is defined
as

. . ki+k
oy & {10 <d<m,agT

xt) =

= ai}|
1 )

i

a
Qk( m

for each af € X*, and n =mk +r (0 <r <k). Let

1

>

Hy(e}) = =7 Y ar(aflet)loggi(at|a?),

akeXxk

and

Hy(x) 2 lim sup Hy, (z7).

n—oo

Then, the non-overlapping empirical entropy ﬁ(x) of
x € X is defined as H(x) 2 inf), Hy,(z).

Definition 3 For all x € X*°, let

1
lim inf limsup min ——log u(z7|sg),
St pePr(S) n_>oopa)6$ " g (w7t |so)

hfS(x)

where Pys(S) denotes the set of finite state sources with
the number of states S over the alphabet X, and S de-
notes the state set of .

Definition 4 For all x € X*°, let
logn

c(ay

C(x) 2 lim sup

n—00

),

where c(xV) denotes the maximum number of phrases
in arbitrary distinct parsing of 7.

As stated in the introduction, these four quantities
have a connection with source coding problem of indi-
vidual sequences. For convenience, we consider length
functions instead of coding procedures. For any set
A, a non-negative real function o on A is called a
length function on A, if ¢ satisfies the Kraft inequality
> acaexp{—o(a)} <1. It is known that the codeword
lengths of any uniquely decodable code must satisfy
the Kraft inequality. Conversely the Kraft inequality
is a sufficient condition for the existence of a codeword
set with the specified set of codeword lengths (see, for
example, [4]).

Before stating our main result, we define finitely
encodable sequences.

Definition 5 © € X is finitely encodable (f.e.)
there exists a length function o on X such that

if

Tm s Y pilal)ot) =0 (1)

a:o(a)>u

It should be pointed out that if x € X> is f.e., then
Hi(z) < 00 and Hy(z) < 00, and thus,

H(zx)= i%fﬁk(x) < 00, and H(z) = iréfﬂ'k(x) < 00.
Here, we state our main result.

Theorem 1 For any f.e. sequence x € X°°, we have

(2)

H(z) = lim Hy(z),

k—oo

H(z) = Jim Hy(z).
and

C(x) < hys(x) = H(x) = H(z). (3)
Remark 1 Since every sequence x over finite alphabet
X is f.e., Theorem 1 contains finite alphabet case. In
finite alphabet case, C(z) < H(x), C(z) < hys(x) and
hys(z) = H(z) has been known ([2], [5] and [6] ). To
the best of authors’ knowledge, H(x) = H(x) has not
been shown even if | X| < oo.

Theorem 1 can be proved by the following lemmas
2-5.

Lemma 1 For any finite state source p with state set
S, any x7 € X" and arbitrary parsing ¥ = wiws - - - Wy
of 21 (w; € X*), we have

t
Z log
i=1

t
n(w;)

(4)

< min {—log u(z7|s0)} + ndy,
soES

where n(w;) 2 Hi:1<j<tw =w}, and d, =
(t/n)log(n/t)+ (t/n)log(eS) (S = |S|) and thus, 6, —
0 as n — oo provided that t/n — 0.

Proof: For 1 =1,2,---, let P® : X — [0,1] be

PO (zh) = max p(z|sg), Vai e XL
soES

Then, { PV}, satisfies

1< Y POEY)<s,

zlexl

1=1,2,--,

and for all I, m and z{™™ € xH+m,
PO (ghim) < PO (ah) P (ot

);

For {P()1% e can define the sequence {3}2, such

that (i) 1 < B, < S, and (i) PO (2l) = PO (a7)/B, is
the probability distribution on X* for all I.
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Fix 27 € X" and assume that 27 is parsed as z] =
wy -+ -wy. Let [; be the length ||w;|| of the i-th word w;,
and t; = |{i : l; = }|. Then, we have

t
—log P™(a7) > Z{—logP“”(wﬁ}

= Z{—logP (w;)} — Zlogﬁl
> Z Z {—1log PU(w;)} —tlog S

o=l

: zz{

o=l

}—tlogS

,\
Ve

(3

The inequality (a) follows from that

> ¥ t-tog PO} - 3 o s

oal=l Ioaly=l

> uD@"|PY),
l

where QU (wy;) 2 n(w;)/t; is the probability distribu-
tion on X!. The inequality (b) follows from that

4

E t; log o < t{log(EL) +log(e)} = tlog% + tlog(e),
!

1

where L is the random variable determined by the dis-
tribution Pr{L =1} = t;/t. O

Lemma 2 For any f.e. sequence x € X*° and any € >
0, there is an integer N = N(x,¢€) such that

c(zy) <

S I EN
< 1Ogn(hf () +¢€), Vn

Proof: Since x is f.e., there exists a length function o
on X which satisfies

lim sup — Z o(z;) . (5)

n—oo

By [7, Lemma 1], we have

c@p) _ (/) S, ofw)
n = loglep)/)

Zlg Ztllog —tlog S

n
] —tlog X — tlog(eS).
; 0g o ~ tlog og(eS)

On the other hand, for any distinct parsing z7 =
wy - W,

: t
E log
=1 n(w;)

By Lemma 1 and (6), we have

= cloge = clogn — clog(n/c).

clogn < mir‘% {—log pu(z7]s0)} + n(e/2),
ES
for any finite state source p and sufficiently large n. [

Lemma 3 For any ¥ € X", any integer S and any
v > 0, there exists an integer K = K(x,S,v) such that
forallk > K,

HEPss(S) n—oo So

~ 1
Hi(x) < inf limsup mlg {—— log u(mﬁso)} +7.
€ n

Proof: Apply Lemma 1 to the parsing ' = wy - - wy
of 2 such that |w;|| = k for each i = 1,---,¢. Then,
the right hand side of (4) equals to Hy (7). O

Lemma 4 For any f.e. sequence xt € X™, any integer
S and any v > 0, there exists an integer K = K(x, S,7)
such that for all k > K,

1 N
inf limsup min § —— log u(z7|s < Hi(z) + 7.
it timsup win { L logatatsn) ) < fulo) +
Proof: This lemma can be proved by a similar man-
ner as [6, proof of Theorem 1] in which finite alphabet
sequences are considered. What we have to prove is

@)~ A =0 =00, (D)

where

o A 1 o o]
Hy(z7) = -3 Y pilaile?) logpi(atlat),

akexk

i:0<i<n,zth=qh
pilabep & MEO=t<mi —alll
n

n+k—1 cntk—1 _

and xl =z} is defined as I7 =z and &, ]

1 1 By the definition of Dy, there exists a subset By
of X’“ such that |By| < k and

or ky|..m n—k+1 k|..n

prlat]zy) = Tpk(aﬂﬂh), Va’f ¢ By,

and thus, for a} ¢ By,

- Z prla |371 1ngk(a1|x1)

kgBk
n—k+1
= — Z pr(af|z}) log pi(at|al)
ak¢ By,
n—k+1 n n-k+1
R S et AL
ak¢ By,
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On the other hand, since

o 2k
Ipp(af|at) — pr(af|z})] < k1 Vai € X,
we have
1 or ki..n or k|, .n
% pr(ai|xy) log py(a7|zT)
keBy
+ Z pr(af|2}) log pi(af |=7)
afy ke By,
< Jnklog|Bi| — Jyxlog Jy k
< Jn,k 1ng - Jn,k 10g Jn,kv
where

JAN
Tuk = Y IpR(dflat) — prlaf|at)].
akeBy,

According to J, x < (2k%)/(n — k + 1), we have

|Hp(a7) - (et
k-1 —k+1 —k+1
< —Hk(xl) n + log n +
n n n
+Jnk log k — Ink log In k-

Since  is f.e., H(z) < oo, and thus (7) was proved. (]

Lemma 5 For any f.e. sequence x € X*°, any integer
k and any € > 0, there is an integer M = M(x,k,¢€)
such that for all m > M,

H,(x) < Hy(x) + e
Proof: Let N be a large number such that,
Hy(zV) < Hy(z) +€/2, ¥Yn> N.

Choose n and m such that n > N and n > m > k
(specified later). Let &% be a length function on X'*
such that

o (ay) = —loggy(af|at), Vay € X",
and o, be a length function which satisfies (1). Using
o and o, we can construct a length function 6, on
X™ which satisfies

Gm(@m Ty < Y w @)+ m,

j=1 (mod k)
i<j<itm—k
for each i = 1,2, ---, where
1 i—1+s1 i+m—1
Omi = o E ox(z5) + E o, (x;) + logk
j=t j=i+m—s2

and s is the minimum nonnegative integer such that
i+s1 =1 (mod k) and ss is the minimum nonnegative
integer such that i +m — sy =1 (mod k). Since s1 +
s2 < 2k and o, satisfies (5),

1 n—m-+1
— Z 5mz S 6/2a
n

i=1

if n and m are large enough. Hence, we have,

H(l)

n—m-+
< Z 6’ 'L+m 1)

n—m-+1
< m Z Gr(@ N +m Z Om,i
i=1 (mod k) =1
1<i<n—k+1
n—m-+1
< mnHp(z?) +m Z O i
i=1
n—m+1

< mn{ﬁk(fb)—i-e/Q}—i-m Z O is

and thus, for sufficiently large m and n,
Hp(a7) < Hy(z) + ¢

Therefore, we have

fIm(a:) = lim sup I:Im(x

n—00

1) < Hy(z) + e

O

Next, we state some consequences of Theorem 1.

Corollary 1 For any f.e. sequence x € X°°, and any
k and any length function oy, on X*,

1 m—
H(x )<hmsup— Z

m— 00
=0

hys(x) = H(x) =

Now suppose x € X' is compressed by separately

encoding each non-overlapping k-block :c(H )k
( (7,+ )k)

in x into

a codeword of length oy (x Corollary 1 shows
that for any oy, the compresswn rate is lower bounded
by H(z) provided that z is f.e. On the other hand, the
next corollary demonstrates the existence of a compres-
sion scheme, for which the compression rate asymptot-
ically tends to H(z).

Corollary 2 For any length function o on X, let
X (o) be the subset of X*° such that © € X*°(o) iff
(1) holds.
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Consider countable length functions o, c® ...
on X. There exists a sequence of length functions
{o£}52, (o : X™ = R) such that

hmsup# < hys(x) = H(z) = H(z),

n—oo

ve e | X(09). 9)

i=1

Proof: Let qba L%) he a variation of Lempel-Ziv 78 en-
coder [2] which uses o(a) bits to encode the last symbol

a € X of each phrase. ¢S,LZ) satisfies

lim sup — qu(LZ) I < hys(z), Yo € X%°(0).

n— oo

We can construct an length function o7, such that

oy (af) = [logn] + min [|¢5: (7).
It is easy to see that o} satisfies (9). O

3. Empirical entropies with fidelity criterion

Let Y be a finite alphabet. Let p: X x Y — [0, 00)
be a function and {pi}32, be the single-letter fidelity
criterion generated by p, that is, for each k =1,2,-- -,
pr: X* x Y* — [0, 00) is defined as

k
Pk xl,yl Z (i, i), Vm’f e X% and y’f e Yk,

wIH

A partition II®) of X*is D-admissible if for all = € II(F) |
there exists y’f € V¥ guch that

pi(zt,yf) < D, Valem

In the following, we assume that the distortion measure
p and fidelity criterion D satisfy that there is a D-
admissible partition of X% for all & > 1.

The empirical entropies based on the partition IT(%)
of X* are defined as

- A 1
Hk(ﬂ(k)lfc?):—E > pr(rla}) log pr(rlal),
Tell(k)
and
ry (k)| ,m JaY 1 n n
Hy,(I1 |$1):_E Z qr(m|z7) log gi(m|at),
mell(k)

where py(m]z}) =

aber Ql(at|ol).

wrenpr(abla}) and gi(mlat) =

Above two quantities have a connection with fixed-
distortion variable-length lossy compression of individ-
ual sequences. Yang and Kieffer [3] considered the
coding schemes, under which z € X is encoded
by separately encoding each non-overlapping k-block,
and showed that the optimal coding rate tends to
inf, limsup,, . infryo Hy(ITI%)|27).  Our next theo-
rem characterizes this quantity.
Theorem 2

inflimsup inf  Hy(II®|z7)
n—00 (k).

D-admissible

= lim limsup inf Hy (I |2})

—0 n—oo (k).
D -admissible

= ir}iflimsup inf  Hy, (I |27)

n—oo (k).
D -admissible

= lim limsup inf Hy (I |27)

k—0oo n—eco (k).
D-admissible

where infw) are taken over all D-admissible partitions
of X,

Theorem 2 can be shown by the following Lemma
6 and 7.

Lemma 6 For any k and any € > 0, there exists an
integer M = M(k,€) such that for all m > M and
sufficiently large n,

inf  H,[I™|27) < inf  H(O®|27) + e
m(m). (k).

D-admissible D-admissible

Proof: Let f: X — Y be the function defined as

= i b), VYaeX
f(a) = argmin p(a,b), Va € &,
and / be the length function on ) such that £(b) =

[log |VI] (Vb € ). ~
Choose D-admissible partition II*) of X* such that

Hy(M®|z7) < inf  Hy(1I®)
(k).
D.alzmissible

|xT) + ¢/2.

By II®), we can define D-admissible length function &y
such that

51(a¥) = —logqu(n|z?), ifaf e 7w e ™.
Choose n and m such that n > m > k (specified later).
Using f,¢ and &), we can construct a D-admissible
length function 6, on X" such that for alli =1,2,-- -,

Gm(ai ) < D0 Gl 4 mi,

j=1 (mod k)
1<j<i+m—k
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where 0,, = (logk + 2[klog|V|])/m. We have

nm  inf
(m).
D-admissible

< nm Y pelallet)en(al)

@™ |z

n—m-+1 )
=Y e
i=1
< m Z Ok (x§+k_1) + nmom,
j=1 (mod k)
1<j<n—k+1
< nmH(TI® |27) + nmd,,
< nm inf  H(T®|27) + €/2 3 + nmé,,.
(k)

D-admissible

Since d,, < €/2 if m is large enough, we have the
lemma. l

Lemma 7 For any k and any € > 0, there exists an
integer M = M(k,€) such that for all m > M and
sufficiently large n,

inf  H,(II™|2?) < inf  Hy(I®|2?) + e
m(m). (k).

D-admissible D-admissible

Proof: Let f : X — Y be the function defined as

= i b X
f(a) arggél)r}p(% ), YaeX,

and ¢ be the length function on ) such that £(b) =
[log |V|] (Vb e D). R
Choose D-admissible partition II*) of X* such that

H, (P27 < inf
(k).
D-admissible

H (P [a}) + ¢/2.

By II®), we can define D-admissible length function &y
such that

k

o1(a¥) = —logpp(nlaz}), ifa¥ enmeni®.

Choose n_and m so that n > m > k (specified later).
Using f,¢ and 6, we can construct a D-admissible
length function &,, on X™ such that

am(al")

logk 4+ 2[klog|Y|] + min

> owlal™)

0<t<k—1
i=t(modk)
1<i<m—k
1 m—k
~ i+k
< logh+2[klog |V + = Z o1 (a; ™).

n inf  HIIM|27)
m(m).
D-admissible
n m ny\ ~ m
< o Z qr(al" |27 )om (ar")
n/m—1
~ m(i+1
= Z Um(xmz('—i-l ))
i=0
n/m—1 _ m—k
1 A mitj+k
< E Uk(xmi+j ) +n(5m
=0 j=1
< nHpy (TP |27) 4+ né,y,

IN
3

inf  Hp(II®|27) 4+ €/2 3 + ndpm,

(k).
D»al(—iII!liSdible
where 0, = (logk +2[klog|Y|])/m and §,, < €/2if m
is large enough. Hence, we have the lemma. ]
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